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CFD example: shape optimization of E
artificial heart ventricular assist devices -

e development of artificial heart
device at UPMC by Jim Antaki,
Brad Paden (UCSB), et al.

e numerous advantages (size,
power, reliability, invasiveness)

e design challenge: overcome
tendency to damage RBCs
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EM/MHD example: shape optimization e
problems in SciDAC program -

design of next linear collider design of plasma fusion device
(K. Ko et al., Stanford) (S. Jardin et al., Princeton)
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outline .

Overall goal: an efficient purely Eulerian method
for shape optimization

e current approaches

e nonlinear solver: LNKS

e J|evel set representation of shape
e shape matching problem

e distributed Lagrange multiplier fictitious
domain treatment of boundary conditions

e displacement matching problem
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discrete approach E

continuous problem:

minimize  F(u, 2) 1= /qb(u) d9(2)
subject to L(u) = f in Q(z)

discretized problem: Difficulties:
eShape parameterization
_ «CAD sensitivity

subject to c(u,z) =0 eMesh movement
Lagrangian function: eMesh sensitivities

minimize f(u, z)

L(u,z,A) = f(u,2) + A'c(u, 2)
optimality conditions (g :=Vf; A := Vec):

clu,z) = 0 state equation
Al(u,z))\ = —g,(u,z) adjoint equation
AZ(u,z)A = —g.(u,z) shape equation
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sidebar: Lagrange-Newton-Krylov-

. B
Schur nonlinear solver -

optimality conditions:

@XQ — 0 state equation nonlinear

@9” —9u @e adjoint equation  g|imjnation
AT @eo» —g, @9\ shape equation

Newton step (H := V2L):

AA+Tgu | piock
=) A:Atg. elimination

C

block
preconditioning

@TH@WA;1Az—quA;1Az_AIA;THuz+@
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Lagrange-Newton-Krylov-Schur method

PETSc implementation: Veltisto
e Continuation loop
— Optimization iteration (Lagrange-Newton)

e Estimate extremal eigenvalues of (approximate)
reduced Hessian using Lanczos (retreat to QN-RSQP if
negative)

e Inexact KKT solution via symmetric QMR (Krylov)

— Quasi-Newton RSQP preconditioner (Schur)

» 2-step stationary iterations+ L-BFGS
approximation of inverse reduced Hessian

» PDE solve replaced by PDE preconditioner

e Backtracking line search on augmented Lagrangian or
|, merit function

e If no sufficient descent use QN-RSQP
e Compute derivatives, objective function, and residuals
e Update solution, tighten tolerances
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optimal boundary flow control —

Eulerian Shape Optimization
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optimal boundary flow control

no control optimal control
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B

S

Isogranular algorithmic efficiency e

Mesh independence of Krylov iteration with
exact PDE solves (implies reduced Hessian
preconditioner is effective)

states preconditioning Newton iter average KKT iter time (hours)
controls
117048 QN-RSQP 161 — 32.1
2,925 LNKS-EX 5 a® 22 8
(32 procs) LNKS-PR 6 1,367 5,7
LNKS-PR-TR (D) 1.4
389,440 QN-RSQP 189 — 6.3
6,549 LNKS-EX 6 W 27.4
(64 procs) LNKS-PR 6 2,153 15.7
LNKS-PR-TR (D) @3d 3.8
615,981 QN-RSQP 204 — 53.1
8.901 LNKS-EX 7 €D) 33.8
(128 procs) LNKS-PR @ i@i 16.8  Ax cost of
LNKS-PR-TR @D  ppE solve
Moderate growth of Krylov iterations
“textbook” Newton with approximate PDE solves (implies
mesh independence PDE precond is moderately effective)
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some continuous shape optimization e

approaches T

- “speed method” (Cea, Zolesio, ...) Difficulties:
+ take “derivatives” at continuous level parameterization e
+ avoids meshsgnsitivity «CAD-sensitivity
+ high accuracy eMesh movement
— Newton methods are complicated *Mesh-sensitivities
— Lagrangian method: stil_requires remeshing

e “level set” methods (Osher& Santosa, ...)
+ level set description of shape (avowd parameterizing

shape) Op A _

+ has robustifying properties 9t Vo =0 in 2

— “controlled evolution” via Hamilton-Jacobi is too slow,
equivalent to steepest descent

— still need to remesh for boundary shape optimization
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a purely Eulerian optimization approach .

+ employ level set description of shape (need
regularization)

+ solve via Newton’s method (robustify
conventionally)

+ employ fictitious domain method to avoid
remeshing

- lower accuracy (but fast solvers possible on
regular grids)
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level set function ¢(x)and heaviside e

function Xx(¢) o
¢ = 0 defines boundary ~
N
(1 ifp>0
x(¢) =<3 ifp=0
O if¢p<O
=0
Area(w) = /wdw — /Qx(qb) B (=1 o
r
Lengtn(y) = [ dy= [ [Vx(#)]ds2 = /Qé(¢)|v?¢d9
where ¢ is the delta function X |
L
0 ¢

-
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heaviside approximation E

e smoothed approximation of heaviside function:

1

X€(¢) — 1 —|—€_¢/€

x(6) = lim x=(6)

5(9) = ~(1 ~ xe())x=(9)

5(6) = lim 5:(9)

0
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delta function approximation E

e we chose € so that the width of the delta
function covers a multiple of the mesh size

(typically 3h)

Mollified Heaviside Function

i
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Sundance B

I

e Implementation with Sundance library for PDE
solution (Kevin Long, Sandia)

e powerful capabilities:
— symbolic interface via variational forms
— built in mesh generation
— Implicit geometric modeling via functional expressions
— use of Trilinos linear solvers
— rapid prototyping
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iImplicit modeling in Sundance E
e Sundance’s symbolic engine facilitates building
geometric models as implicit algebraic functions

e If F and G are any two level set functions, both
Instances of the (expression) class of
Sundance, we can easily perform CSG boolean
operations on them to build a more complex
model:

FNG=F"4+G" F = F(x,y)
FuG=(F"+G¢™ ! G=G(=y)
F—-G=F"+4+Gg™" n = blending factor
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blob model B

O circles as geometric primitives:

O fi= 12— (2 — 2)2 — (5 — y)?

Q\/® blob model: f=2- {Zi}”n
Q N

)

Ccase ELDDE:

for {int = 0z < num_blookbs; ++ ]
zshape += 1,.0-pow{rjlil=*rjli] - powix - =jlil,.20 - powiy - yijlil.2).blend};

shape = cutoff - 1,0/powishape. 1,0-°blends:
break:
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area computation - blob E

Eulerian Shape Optimization
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a shape matching problem E

least squares problem for a target shape:

m(bin T(¢) = %/Q (xe(9) — x*)? v @

where y* defines the target shape

ill-posed problem: V¢ arbitrary for a given x(¢)
. . 1 k)2
min 7(6) = 5 [ (e(0) =x)? + R(9)

One choice is to penalize against a signed distance function:

_bB 2 2 € 2
R(®) =5 | (Ve - 12+ | Vel
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optimality conditions .

first order optimality condition
find ¢ € H! s.t.
| 0ce(&) =xD3:(6)é + (BUVS —1) +)V6-V$ =0, Vg € H'

In strong form:
—V - [(BUVSI2 — 1) + £)Ve| + (xe(¢) — X*)0:(¢) =0 z € Q2
second variation (Hessian for Newton’s method):

JAL + VG- VG +20(Vo- V) (Ve V)]
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'

numerical examples

solution with Sundance:
— FE approximation, linear triangles
— Gauss-Newton solver with backtracking line search
— BICGSTAB Krylov solver with ILU(k) preconditioner

examples:
1D
S .
AT,

ﬁr' - ﬂq—”
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forward problem, penalized distributed
fictitious domain method .

fY —Au=Ff, u€cw

u=0, uecy

=)

®
r Ul

1
—Aur + ;(1 —x(®))ur = f, ur €
Ur — O, ur €0

it can be shown that ur - v as = — 0
(Pironneau, 1984)

=)
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forward problem, penalized distributed g

fictitious domain method —
_ — Y Y
Au=f u€cw ‘ = ‘
U — ug, u C Y 2 r

. Vu|?
min — S.t. u=wug,u €
/Q ( 5 fu U = up,u €

u

. Vu|? 1 2
mJn/gz( 2 _fu> QT/Q/w(u_UO)

u2
min [, (M55 - 1)+ 5 [0 - x@) (-0
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Poisson on the blob

Ly
&*
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forward problem, convergence rate

e Circle problem: convergence rate of 1.32 for linear

triangles
Rate is 2 (optimal) when = is grid-aligned

Convergence analysis

1/h

heta

LZ errar norm

log(1/h)

logierrar)

+6.1 564 2E+02

+2.7313054 7E-02

-0.90:3039356931343

-1.55403323040145

16

+1.96883E+03

+0.83118505E-03

-1.20411995265532

-2.051 0402027366

de

+2.6837GE+03

+4. 25871 730E-03

-1.505143376351391

-2.370721188058425

4

+2.03034E+04

+1.18665312E-03

-1.806179937338333

-2. 9256762145657 5

1286

+1.36059E+05

+6.03600036E-04

-2 10720996364737

-3.21435501 602114

256

+3.90441E+05

+1.95330041E-04

-2 40823996531185

-3.70800951 3750586

a1z

+1.80273E+06

+1.32541735E-04

-2. 7092693603753 3

-3.877647175303585
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a PDE constrained problem E

displacement matching for a membrane:

-

min J (¢, ur) i= % | (ur =) +R(9)

’LL7-,¢

s.t. — Aur+ 1(1 —xe(d))ur = f in
T

ur =0 or .

u* = target displacement

regularization: same as before

_P 2 _ 132 € 2
R(®) =75 | (Ve —1)2+Z | Vel
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optimality conditions E

Lagrangian:

1 w2, B 2 >, € 2
1
—|—/Q(Vu7- : V>\+;(1 — Xe(@))urA — fA)

first-order necessary conditions:
find (ur,\,¢) € (H§ x H5 x H') s.t.:
1
/Q(uT — u")ir + V- - VA+ (1= xe(¢))irA = 0 Viir € H}

/Q Vur -V + l(1 —xe(@)urA — fFA=0 VA € Hp
T
| (Y696~ 1) + )V V6~ ~urrs($)6 =0 v € H*
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displacement matching E

In strong form: .
AN+ —(1 = x(PDA =ur —u" in Q
T

—AuT+%<1—xg<¢>>uT:f n ©

V. [(B(Vé-Vé—1) +e)V] — %umasw) =0 in Q

Hessian of the Lagrangian:

o 1 1 o
52 L= /Q @il + Vitr - VA 4 ~(1 = xe(¢))@rX — ~70:(#)1r

o1 1 -
521 = /Q Vi, VA+ (1 - Xg(qb))uTA — —ur8:($)A3

1

>
OpL = /Q r
A
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