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A Novel Approach for Computing Solenoidal Eigenmodes of the Vector
Helmholtz Equation

Danid .4. White ;UKI .JOSCPII M. Kming

Lawrmw Liwrmorc National Lalmrat,orY

.$hst,ract In this paper we ~resent a novel method

for computing solenoidal eigennmdes and the cm-re.

spending eigenvzdues of the vector Helmholtz qua.

tion. The method employs botb vector and scalar fi-

nite element basis functions to yield a discrete gener-

alized eigenvalue problem that can he solved by stan-

dard iterative teckmiques. The technique is applicable

for analysis of 3D inbmrmgemmus resonant cavi ties.
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computing interim eigcmwlut:s [13]. Tlm dis?.dvaut,agc of
this approark is that tht~ solutiou of the modified cigcl,-

valuc prol)k:m requires wpmtcd imwrsion of a m;tt,rix tkat
ran Ix: quit,c ill-(:c)il<lit,i(]llf:(l.

h this paper w pwscnt, an altt:rnatiw fmmul;,tion of

t,tm clcvt,r(>rxl;{grlc,ti<:cigmwduc pmbkm iu wtlidl t,kv XPIW
wluml cigmvalue,s: mm,spomling to t,tm irrotatiorlal sol,, -

tires of the Hdmlmltz equation, arc iirbitr;trily ski ft,e,d to

t,kc middle of tile: sprct, mm. Tkus t,hc <{mired cigmvalmw
arc. now ext,wmd and st,and M(I itcr at ivv eipplvaim~ :s01Yms
{m lx. cmpkpd without modificatiml. Tkc mvv fmm!d;>-

tim employs hot k H(mTl) vcrtm fhit,c dtvmmt,s ad t,tw
standard nodal scalar finitr ckmmts. h the swtims fo-
Iowing wr first, m’icw t,kc xwtm Hclmkoltx rqtmtion and
the alt,crnat,ivc dismm fommlat.ion of t h(,. prol)lern. Tkcw

WC pr(wnt, results for Sc,wra 1 simple conical pmbkms in
order to va,lidat,e t 11{,approach, aml WC fhisk with ;, real

npplicat, im. that of a 3D it]llor]l{)gcri(![]ll.s Iinrar awPkw-

tm induction cdl.

II. VFX’1()[{ HFI,MIIOI.’I’Z EQtJA’rION

A. (hltlrmo?l.s CIL.YC

‘F,, = –T,j. (2)

Insmting (2) into (1) WT sw tht ~ = O for irmtatiorml
fields. Cmmws?ly, by I akinx ttw <Iivcrgmw of (1) WC,sw

that if - # O then t.kc fidd must lx: solrnoihl,

v FE, = o. (3)

/
fE, ‘r!h = o (4)

II

Equatim (4) stat<x tkat a sdmoidal sdutim of (1) is or-

thogonal to t,Yt,ry irrotatimd fk,kl. Tktwforc solutims
of ( 1) c:in lx> ,Iw<mlposed iuto im>t;ltion;d (.J = O) ;ml
solcmoi,kd (A # O) s<dlltious, bvit,k evmy sokm,ickd S<JIP

rim Iwiug ortfmgmml to cnvsy irr<Xaticm;J soltttic)[l.

B. Di,,cr,tc fhS,!

!~(> dism,tim tkt> dm’t,ric ficki using a H (f”lL r/) finitt, dr-

mmt spaw IV}L of dimension n Mined O*I a Im-sk. \Vr :LS.

stLmc! H (cd) Wvtm finite Qkwlrnt,s of the fmm proposed

in [1], alt,hougk tkt: dcgrws of fmwlom CM h mmtifimi

(tlicrardli(al vs. il)t,f+rl>~)l;it[~ry,etc.) witkout ally dfwt
m t,hc cm[lusims to follow. h thr mmwrical simuk-
tions in Sect, im V wc cruploy lst-mdw Ammt,s; again
t,fw ust> <,f kip,twr-or<lm tinit(! e>kvmnt, basis fun?.t i(,x,s do<%

uot modify pmuisc> of this IMWI, The <tisrrctc, clcctrir
field E is giwn by

wtlcw tflr Vt,(t,ol c E R.” is the vwtm of dqyws.of.
fwcdom (DOF), Ttwr(, is a om-t(,-om corrc:sl>c>,,clc>,,cc bcx-

twrfw E ad r. IV(: dmot,(> t,kc computation of E givm P
as e + E and tkr cmnput,atiou of ~, giw!u E as E + r,

Note that * is a projwtim and rau h appli{d to any
ck!(tric fk, kl ~ E H (cwrl), hmw t,lwc.c]ltkl>tlt;lt,i<lrlof t kc>

approximate! fk,kl E gi~w au arbitrar,v E is dmotcd by
E+’,+E.

.isswm, that tfw Imumlary mudit,ion ti x E = O is lmilt
intu ttw sp;~rc, Ivh. Employirlg the GdcrkIn prcxwduw t<,

( 1) rvsldts iu a p,mrralizd tigtmalur I]1oI)1c:N1

The (Ictai]s of ttw umputing the inner products aud fill-
iug ttw sp; wsc mat,rims mm tx: found in tinitr dc,uwut

tmtlxmks [19], [2(I] (m)t< tkat tkc vwtor tir,itc tkmmts
dismswt in [20] are difhmt the 111<,c,kmcnts used in this

pap(,x)

AII importaut property of tkc, H(cwri) vwtm finit? Pk-
mmt, mwfml is t,kat thv (tismc ct Hvlmholtz mpmtiml (G)

kas t kc, samr (Ic>(:ollli)<>siti<lllof s<]lut ions as t he original
PDE. Let, L)’ c HI tw tlwspaceof st,;tmlard nmtal finit,c,

ckmmt, Iw+is fuwtious of dhmsim k ddinwl m the ill-

trrior of tkr mmk ;IMI of ttw sam<, m<k,r as thv H(mrl)

dl>mmts t~i’ (ill tkis papc!r w% wf?r t<, ttw H(owl) d,,.
mmts ;,s h;lviug itltt,gcr orikv as pm [1]. rathm tthm as
‘lmlf-or(kv”” ). Ddim, tkc sut)spa(c,

{ }
Li;, = ;Eli,,. TX, =() (!))
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H (cud) dmwuts with zcm cur 1 [1]. This is oftcm refmred
to ;3s an inclusion condition [10], it is a discrete vw:;im of

th<! vector identity V x V@ = f). Ddinc the vcct,or spaces

ad

TIM: dis(:rctc gmdicnt upcrator is a sparse n hy k m;>t,rix
P such that

The wctors ( E I‘ form the null swcc of the st iffwss
m;ltrix .4.

APf = Ofm (Illf e F. (13)

Tllrrf:f(]rc, tlle,rc,; ~rt,tx?i(tlyks(llllti()rls()f (G) wittd ={1,
these are ttw static solutions of (G) with um-nw diwr-

g(mrr.

Assmm> wc have a [Iiscretc, sohwidal soltltion !0 (6).
i.e. a vwtm u th;lt .satisfiw

I’l’Au = f’lP’rAu = &;2f”rP”rBu = 0. (15)

the dismw sohmoicial solutions of (6) are orthog(mal t<]
the discwtr irmtat.imd solutions aumding to tht, imm

product .rl”B.q. N<)t(>tll>lttl]<!i)ro{ltlct

f“’”P’rBu = O (16)

is cxartly the (Iiscrctr wrsiou of (.4), the dism,t,c
sohwoid:]l sohltions u satisfy a discrctr cliv(,rgc,ll((>-frc(,

condition. Equation (15) defines the sohwoidal spaws

and

In sumrmry, w have thr ,l(,(OIl)l)[]siti[)Ils Ii’)’ = 11’j,-+

R’&, aml ‘R” = 17+1”. Thcsp;wc 1“ of dimmsim k is

tlw null spawofttw stiffnws matrix . 1 all[l 10rrt!sp(m[ls to

irrotatimml solutions of (6), tfw spnw l; of (lim(msi(m (II

k)r()rrt,sI,<)tl clst,]tl,(,s ()lt,r](i(l;lls,) l1lti,)r,s. Ewrys<Juti<m
u E (,’ is <livf,r~t,ll[[,-frt,(, ill ttw smsc that it s;ltisfi<w (16)

for all f e F.

111. ITKR,VI’IVI< Mr<’rtrom 1:01< EI(;ENY,!I. III?

P[{OBLKAIS

As mcmtimwd in tht! Intmductim] the LaImos alp,<)-
rithm is a popular mcttml for mmputing cxtremd t:igml-

valucs of a symmetric matrix A. ThI: Ltwms algorithm
cm] lx: ;lpplicd to gcncraliml cigemaluc pmbhms of the

form A.I = AB.J, whmc A is symmetric and M is symmct-
xicl)ositivc[l(,tiI1it(,, iftllc,irlllt,rl>ro(lll(t < .x, ?I >= .r’rM!j
is mod. If thr matrices A and M ;W not symnwtric (as

would rc:sult, for mm Iossy <:l(,rtr[>lllagrl(>tir mwiia) the
Arnmlli ;tlgoritlllIlis: il>I)r(>~>riatc. The.irnodli algorithm

reduws to the L;mzos algorithm whm A and M are sym

metric.
In Art rmnagmtic applirat ions it is a common dcsim t(]

cOrzl~)tltf,:lsrrl:lll set (fn < W) of(lolllir)ilrlteigc,llvkllllcs:lr l(t”
rigcmmdcs, not simply the most <hmimmt mmlr. Illile
thr stamlar[l Lamms aml Amoldi methods arc rtfi(imt
for computing extr.mal eigtmaluw, tllc> louv[.rg(mw t[)-

wards interior eigmvalucs is poor. .1 solution is to wstart
the itwatim scvrral times with new initial itvratcs. this is
the ha.sis for mwntly drwlc)pcd implicitly restarted Lan-
zos/.4mohli methods as rwmplified hy t116,.4R P.kCK soft
wawlihmy [12], [13]. IV? PI’OIXW ttw llSC>of ARP.4CK for
computing nt. domin;mt c,igt,t]Yaltlt, /(>ig(,llfr<,(lll(rlcy pairs,

whmr ~rt is a usm spwifkd III IILIIX, T. To compute thcw,
t,igt,I]villll(~/f!i~[~r~fr(,{lit(,Il(y pairs the mpircd stmagc is

n ()(m) + ()( T112) XVINW n is the dimeusim of the nm
triws. This is siguificantiy less stm;l~c tha!! would lx

/%rIl<>l<liit<rttti<*]. Thrrequiml I),v a staud; ml Lamms
algorithms in ARP.4CK :Itlt<)ll];lti[;lll>- restart with a mw

initial itrr;lt(! using a sophistirat(> polynomial filtrr that

IVA:UWS (<lllvt,rg(,ll<.<,ill thr dirwtiou of the dvsimt vigml-
w1!M. Tilc, ;)lg<)rit,l,rr) tc,rrllitl;$ttsxvl,t,])>l ll?r,cig (:r1v;]lll(,s

haw umvcrgcd to withiu a uswspwitir[l tohmum. The
mmlm of restarts smpiwd f<]r umvwgr of all 711 rigm-

VAII(> is prohhwI (I(qwn(hmt.

Although implicitly restarted L:i]lcz,)s/.4rtl[)l<li mctll-
ods we superior to their 111)11-r(:st;lrt(,(i t,ollllt(,r]>:lrts, ttww

nmthods still have dittimlty with our gmrr;dizcd cigerl-

Yalllt: pmllhml (6) (1111>to tfw wry Iargc 11111AM of d(~-
gmcr;ttr eipynvallws at u = (1. In the wxt section w:

propose a modification of tlw dism!tc form of the vt,c-

tm Hclmholtz t,qluition that rssmti ally umws the ti = O
t>igmv;durs tow;mls the mntt,r of the sptrtrum with m)

cffwt m the sohmoidal (~igmlv;ilurs, aml hmw .\RP.\CK
cm thm 1x, usml without modificati<m to mulpute the

desired sohmoidal i,igpmo[hw ;mt umrrspomliw eigrrl -

frwlurn(ic,s.

11”. LIOIIIFI[;I) EI(; Ix\,\I. IK EQ’.. YIOXOX

‘r. fz=,l, (19)



whwc p is the charge density. The dcct,ric field ami t,hr

scalar potmtial we again ktI)llrc>xirrl;htt,<Ihy E E lV1l aud

$ E L)’, and the char~cdvnsity is :>l>I)r<,xirrl;tt(:cl I)Y j E
L}’. .+pplyhg the GakrkIIl pl’cxx.duw yidds the discrm
w~uatim

Q,j = ,~,dtj VL; > (21)

NjJ =
/

L;Li. (22)
[>

.4s<lisr11ss6,<lir)Sc:rti{)llll .B, ;ll)c]vt, til<:rrltLtrixQ =P’rB
wlmv P is thv diwretr gradient oprratm that, maps F to

I“.Chmrly. from (16) tl]c:ll,LllsI>;xc(,(jfQis V, th<, spar<:

of discrctc sohwoidal wctms.

Using (2(1) ;Ilx)ve w form a gmmafizrd f,igem:duc prol)-
1(>111

A. ],L\lO,l,[lg,,ll!l,?L,,R,!Ct(r,l<j?Ll(r, C,,,itg

III order to <l(:r,,<>~,st,r;,t,(:t,hc Cffi(xcy of t,fw ;II)CW d,..
scrib(d algorithm we hcgin hy analyzing the inhoumgc,-
nc(ms cavities dwcritmd iu Swtiou A. of [16]. Those t,hrw

r(wt,imgular cavit, ics contain hot, h a v;wuum region and a
didwt,ric ri’gion. In [16] t,fw dominant (,ig(r,frt>cltl(~l~(y for

thc!sc t,hrco (avit,ies was mmput,cd usirl~ FDTD, a t.t,tr;~-

llt,lrtilgri(lH(rllrl) FEll, ar)<{?lIlarl:llyticalIr lrt,tli>(l, with
;Lgrccmmt t,o within ().33 prxcon t,,\VCmmh,lcd t,htw c;iv.

itics wing a C;lrt(wi:m mesh and the limar H(mr]) fhitc
rhmmts ddintd in [1] ahmg with the standard hilimm

nodal finite chmtmts. Simw vw arc, using ;] Iout:r-order

finite cl<mm,nt, basis function WC uswl ;1 mesh consisting of
15120 mncs, which u,sults is a si~nifil:;mt,ly larger gynma-

inxl eigvuv;ilue prohhm than that ill [16]. ITc cu~phasi~c

that the purposr of this mpvrimcnt is to vali<latv the al-
gorithm defimd in Swtim IV. ahmv, wcawmt advoc;lt-
ing ttw US(, of hwcr-m{h,r fiuiti, t,h,mmt, basis f,mct,ions.

\Vc used ARP.4CK to mmputr the smaflcst, e,igmvalw
of (24), and within AR.P.4CK vw USWI t,fw simph, ,J;wol>i-

Ilrl,coll<liti<jllf,llc<,l,jtl g;ltf,gr:t(licllt method to invmt,” tfw
B matrix wit,flill twwry .%mokli itmat,iom (hm computed

results ;igrwd to the an;tlyt, ical results pwsmte<l in [16]
to within 4 dcrimal plwrs.

——.. .- .—.——



Mode Exact Computed Percent Error
TM1l 2196.39 2200.44 0.184
TM1l 2196.39 2200.44 0.184
Tiwlll 2196.39 2200.44 0.184
Tk121 4368.84 4382.21 0.306
Tn121 4368.84 4382.21 0.306
TM21 4368.84 4384.45 0.357
Th121 4368.84 4384.45 0.357
Tk121 4368.84 4384.45 0.357
TE11 5888.69 5911.07 0,380
TE1l 5888.69 5911.07 0.380
TE1l 5888.69 5911.07 0.380
Th131 7214.14 7248.11 0.470
Th131 7214.14 7248.11 0.470
TM31 7214.14 7248.11 0.470
Th131 7214.14 7248.11 0.470
Th131 7214.14 72.52.40 0.530
TM31 7214.14 7252.40 0.530
Th131 7214.14 7252.40 0.530
TE21 9688.19 9731.82 0.450
TE21 I 9688.19 I 9731.82 0.450

TABLE I

Ex..t ,,. . . . . . ...4 ei.e..a,,,e. for 36 .0.. per radius sphere

eigenvalues of the modified generalized eigenvalue prob-
lem (24). In order to visualize the eigenmodes the magni-
tude of the electric field at the zone-center is computed,
For example, Figures 1-4 shows the lst, 5th, 13th, and
20th eigenmodw of the induction cell. In these ilh]stra-
tions only one-half of the problems is shown so that fields
in the interior can be seen. Naturally, there is no analyt-
ical solution to compare to. Although it may be chfficult,
to discern from the illustrations, the Ist and 20th modes
have a maximum electric field magnitude in the accelerat-
ing gap and hence will couple strongly with the electron
beam, whereas the 5th and 13th modes are examples of
modes that will not couple strongly with the beam,

,
REFERENCES

[1] J. C. Nedelec, “Mixed finite elements i. R3,” Numer, Math,,
35, pp. 315-341, 1980.

[2] A. Bwsovit, “Whitney forms a clam of finite elements for
thretwlimensional computations i. electromagnetic m,,,IEE
Pmeedi.g8, v. 135, pt. A, ..8, pp. ,493-500, 1988.

[3] A. Bossavit and 1. Mayerg.yz, “Edge elements for scattering
problem,; IEEE Tmns. Mq., v. 25, n. 4, pp. 2816-2821,
1989.

[4] Z. J. Cendes, “Vector finite ebvnents for electromagnetic field
Problmw” IEEE 7hm.s. MIIg., v. 27, n. 5, PP. :)958–.3966,
1991.

[5] J. F. Lee, D. K. Sun, and Z. J. Cend~, ,,Tangential vector
finite elenwnl,s for PIect,rom.agnvtic field comput,aticm~ IEEE
tins. Meg., v. 27, n. 5, pp. 40?2-40:35, 19!)1.

[6] K, Mahwtt-va., and R, Mitt,., “Radar crow section comp..
tation of inhmnogtvmus scatterers using edge bawd finite ele.

F@ 1. 1st eige.nmde of induction cdl, f = 132Mhz

ment method i. time and frequency dmnai m,” Radio Science,
v. 28, n. 6, 1181-1193, 1993.

[7] B. Andermn and Z. Cendes, “Sol.tion of ferrite loaded waveg-
uide using vector finite elerne.t~,” IS?fff%%.s. MIIg., v. 31,
n. 3, 1578-1581, 1995.

[8] D. Sun, J. Magnes, X. Yu.n, and Z. Cende, Wpurio.. modes
in finite element methods,,> IEEE Antenna and Prupz@ ion
Magazine, v, 37, n. 5, 12-24, 1995.

[9] D. White, “Discrete time vector finite dwnent methods for 3D
.nstruct.rtxl grids,,, Ph.D. Thmis, (Jnvivemity of California at
Davis, 1993.

[10] C. Cmwley, p. %dverster, and H. H.rwt,iz, ‘LCovarimt prw

jection elements for 3D vector field problems,” IEEE I%”..
Mag,, v. 24, n. 1, 397-400.

[1 I] B, Smith, ct. al., Matriz Eigens@ern Routines; EISP,4 CK
Guide, Springer-Vedag, Berlin, 1976.

[ 12] R. L?houcq, D. SOrenwn, “fkflatio. techniques for an irnplci-
ilty restarted Anmldi method,,> SIAhf J. Matrix Anal. Appl.,
V. 17, n. 4, 789-821, 1996.

[13] R. Lehouq, D. Som.mm, C. Yang, ARPACK Userzs Guide:
Solution of I.Iww-SCO1. Eigen.al.e Problems with Anpbcitlg
Re$tcwted Arrwlid Methcd.s, SIAM, 1998.

[14] G. Gol.b rmd C. Van Loan, Matriz Cmnp”tcations, The Jobs
Hopkins University Press, Baltimore, 1989.

[15] J. Lee, D. S.”, a“d Z. Ce”des, ‘<Pull-Wave analysis of dielw.

tric waveguides using tangential vector finite elements,,% IEEE
‘fk”s. Micro. Theor. Tech., v. 3!2, n. 8, 1262-1271, 1991.

[16] S. Perqxlitsa, R. Dyczij, J. Lee, “Finite-elernent analysis of
arbitrarily shaped cavity resonators .si”g H 1(curl) elwncmts,”

IEEE %“$. Mw, V. 33, “. 2, 1776-1779, 1997.
[17] J. Lee and R. Mittra, “A note m the application of edge

elements for rmdelli”g three-dimensional inhcmmgeneously.

filled cavities,,, 1s7s7s7 ‘Thwm Micro. Thaw. ‘Tech., v. 40, .,
9, 1767-1773, 1992.

[18] D. White and J. Ko”ing, “Efficient mluti”n of large scale elec-

tmmag. -tic eigmv?.tue problems using the implicitly restarted

Amoldi method,” t,. be published in the Appliwt S?lectromag.

“etics Society 16th Annual Review of Progress in Computa.

lion.) Electromagmtim, 2000.

[19] K. Rathe, Finite Elenze.t Pmedww, Prentice Hall, New
York, 1!)95.

~20] J. Jin, The Finite .?lenwnt Methmi i“ Electronmgnetics, Job,>

Wiley a“d Sons, New York, 19!)3.

*This work was performed under the auspices of the U.S. Department of Energy
by Lawrence Livermore National Laboratory under contract No. W-7405-Eng-48.



Fig. 2. 5th eigennmde of induction cell, f = 280Mhz

w’

Fkg. 4. 20th eigenmode of induction cell, J = 523A4hz

Fig. 3. 13th ei,gemnode of induction cell, J = 439Mhz
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